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Let M be an arcwise connected continuum that does not contain a simple closed curve. We 
prove that every deformation of M has a fixed point. 
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1. Introduction 
Suppose a polyhedron X has a nonzero Euler characteristic. Then, by the Lefschetz 
fixed-point theorem, every deformation of X has a fixed point [5, p. 321. Since every 
sphere admits an antipodal map that is fixed-point free, no sphere has the fixed-point 
property. However, according to Lefschetz’s theorem every deformation of an 
even-dimensional sphere has a fixed point. 
Although Lefschetz’s theorem extends to absolute neighborhood retracts, it does 
not apply to certain classes of arcwise connected spaces. The uniquely arcwise 
connected continua form such a class. There exist uniquely arcwise connected 
continua that do not have the fixed-point property [13, p. 884; 3, p. 1261. In this 
paper we use the dog-chases-rabbit principle to prove that every uniquely arcwise 
connected continuum has the fixed-point property for deformations. 
2. Definitions and related results 
A space S has the fixed-point property if for each map f of S into S, there exists 
a point x of S such that f(x) =x. 
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A map f of S into S is a deformation of S if there exists a map h of S x [0, l] 
onto S such that h(x, 0) = x and h(x, 1) =f(x) for each point x of S. 
A continuum is a nondegenerate compact connected metric space. 
A dendrite is a locally connected continuum that does not contain a simple closed 
curve. 
In 1926 Scherrer [ 121 proved that every homeomorphism of a dendrite into itself 
has a fixed point. 
A continuum is hereditarily unicoherent if each pair of its intersecting subcontinua 
has a connected intersection. 
In 1953 Borsuk [4] generalized Scherrer’s theorem by proving that every arcwise 
connected hereditarily unicoherent continuum has the fixed-point property. 
A continuum M is uniquely arcwise connected if for each pair p, q of points of 
M, there exists exactly one arc in M with endpoints p and q. 
In 1975 Mohler [lo] proved that every homeomorphism of a uniquely arcwise 
connected continuum into itself has a fixed point. In 1979 the author [6] proved 
that every uniquely arcwise connected plane continuum has the fixed-point property. 
Recently Mohler and Oversteegen [ll] showed that not all uniquely arcwise con- 
nected continua have the fixed-point property for open maps or monotone maps. 
They [ 111 also showed that each locally one-to-one map of a uniquely arcwise 
connected continuum into itself has a fixed-point. Conner has announced the 
existence of a uniquely arcwise connected continuum that admits an open monotone 
fixed-point-free map (see [ 11, p. 91). 
A chain is a finite collection { Yi: 1 < is n} of open sets such that Yi n Yj # 0 if 
and only if li-jl< 1. If n >2 and Y1 also intersects Y,,, the collection is called a 
circular chain. 
A collection % of sets is coherent if for each nonempty proper subcollection Y 
of 2, an element of Y intersects an element of %\JZ 
Following Bing [2, p. 6531, we define a finite coherent collection 5 of open sets 
to be a tree chain if no three elements of y have a point in common and no 
subcollection of 5 is a circular chain. 
A continuum M is arc-like (tree-like) if for each positive number E there is a 
chain (tree chain) covering M such that each element has diameter less than E. 
In 1951 Hamilton [7] proved that every arc-like continuum has the fixed-point 
property. In 1979 Bellamy [l] constructed a tree-like continuum that admits a 
fixed-point-free homeomorphism. It is not known whether every tree-like continuum 
has the fixed-point property for deformation. 
3. Preliminaries 
Henceforth M is a uniquely arcwise connected continuum with metric p. 
If x and y are distinct points of M, then the arc, half-open arc, and the arc 
segment (open arc) in M with endpoints x, y are denoted by M[x, y], M[x, y), and 
M(x, y), respectively. If x = y, then M[x, y] = {x}. 
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Suppose there exists a fixed-point-free map f of M into M. By the compactness 
of M, there is a positive number E such that for every point x of M 
P(X,f(X)) ’ s. (3.1) 
For each point x of M, Borsuk [4] proved there exists a unique sequence a;, a;, . . . 
of points of M such that a; = x and for each positive integer n, 
and 
p(aZ, aC+l) =t& [4, P. 19 (4.)1, 
ify E M(G aifl), then p(&, y) <$ [4, P. 19 (&)I, 
M[x, &In ML&, ai+J = {ai} [4, P. 19 (ll)l, 
(3.2) 
(3.3) 
(3.4) 
{a% a:+, ]c M[x,f(a:)l [4, P* 19 (7,), (13)l. (3.5) 
For each positive integer n, let $, be a homeomorphism of the half-open real 
line interval [n - 1, n) onto M[az, a:,, ). For each nonnegative real number r, let 
$(r) = G,(r) if n - 1 G r< n. 
Let P, = u {M[x, a:): n = 2,3, . . .}. It follows from (3.4) that $ is a one-to-one 
map of the nonnegative real line [0, +co) onto P,. The map $ determines a linear 
ordering < of P, with x as the first point. The set P, is called a Borsuk ray. 
In [3, p. 1231 Bing described the properties of a Borsuk ray in terms of a dog 
chasing a rabbit. A variable point of M represents a dog, its image underf represents 
a rabbit, and the direction along the arc from the dog to the rabbit is the direction 
of the chase. Starting at x, the dog constantly moves forward on P,. The rabbit may 
start at a point of M\ P, but eventually goes to P,. The rabbit, always staying ahead 
of the dog, may leave P, but always returns to his point of departure before the 
dog gets to that point. 
Let QX = {z E M: M[x, z] n M[z,f(z)] = {z}}. The following equation indicates 
that the dog goes the right way at every fork in the road. We shall prove that 
P, = Ox. (3.6) 
For each point z of PX, by [6, p. 98 (6)], z E M[x,f(z)]. Hence P, c QX. 
Assume there is a point z of QX\PX. Then M[x, z]u M[z,f(z)]= M[x,f(z)]. 
Since M does not contain a simple closed curve, there is a last point y of P, that 
belongs to M[x,f(z)]. Note that P, n M[x,f(z)] = M[x, y]. Since z$ PX, it follows 
that M[x, y] c M[x, z). 
Let n be the integer such that YE M[ai, a:,,). Note that YE M(ai+,, z). By 
(3.5), {a:, a:+, ]c M[x,f(ai)]. Hence a:,, E M[y,f(at)]. Since M[y, a”,+,]n 
M[y,f(z)] = {y} and M does not contain a simple closed curve, M[y,f(aG)] n 
M[v,f(z)l= Iv>. 
By (3.1) and (3.3), M[aZ,y]nflM[aZ,y]]=0. Since flM[az,y]] is arcwise 
connected and M does not contain a simple closed curve, M[y,f(y)] n M[y,f(z)] = 
{y}. SinceflM[y, z]] is arcwise connected and M does not contain a simple closed 
curve, f leaves a point of M[y, z] fixed, and this contradicts the assumption that f 
moves every point of M. Hence QX = P, and (3.6) is true. 
210 C.L. Hagopian f Fixed-point property 
For each pair x, y of points of M, 
P, n P, # 0. (3.7) 
To establish (3.7) assume P, n P,, =0. Let 2 be the unique arc segment in 
M\(P, u P,,) that goes from P, to P,,. Let z be a point of 2. By (3.6) P, = QX. Hence 
M[x, z] n M[z,f(z)] f {z). Therefore M[z,f(z)] contains a subarcof M[x, z]. Since 
M does not contain a simple closed curve, M[y, z] n M[z,f(z)] = {z}. It follows 
from (3.6) that z belongs to PY and this contradicts the fact that P, and 2 are 
disjoint. Hence (3.7) is true. 
For each point y of P,, let P,(y) denote {z E PX: y = z or y < z}. We denote the 
closure of a set P by Cl l? 
Let LX = n {Cl PX(y): y E P,}. It follows from (3.2) that LX is not degenerate. 
Hence LX is a subcontinuum of Cl P,. 
4. The result 
Theorem. If M is a uniquely arcwise connected continuum, then every deformation of 
M has a jixed point. 
Proof. Assume M admits a fixed-point-free deformation f: Let h be a map of 
M x [0, l] into M such that h(x, 0) =x and h(x, 1) =f(x) for each point x of M. 
For each point x of M, let D,(l) be the dendrite h[{x} x [0, l]]. Proceeding 
inductively for each integer n > 1 we define D,(n) to be the dendrite h[ 0.J n - 1) x 
10, 111. 
Let n be a positive integer. Define 7r” to be the projection map of M x [O, 11” 
onto M. For each integer m (1 s m s n), let h, be the map of M x [0, 11" defined 
by h,(x, r,, r2,. . . , r,,,) = (h(x, rl), r,, . . . , r,,,). Let pn = h,hz * . . h,n,‘. Note that 
EL,, is a continuous function of M into the hyperspace of closed 
subsets of M and p”(x) = D,(n) for each point x of M. (4.1) 
By (3.5) and the unique arcwise connectivity of M, for each positive integer n, 
M[x, aZ+d= OAn). (4.2) 
For each point x of M, 
LX is nowhere dense in Cl P,. (4.3) 
To establish (4.3) assume LX contains an open subset U of Cl P,. Let G1 , G,, . . . 
be the open sets of a countable base for M that intersect P,. For each three positive 
integers i, j, and k, define 
U(i,j,k)={uEU:D,(i)nM[x,aj”]#0 and 
Gk n (Du( i) u M[x, a;]) = 0). 
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Note that 
each U( i, j, k) is closed. (4.4) 
To see this let u,,u*,... be a sequence of points of U( i, j, k) that converges to 
a point u. By (4.1), D,,(i), D,,(i), . . . converges to D,(i). Since M[x, uy] is 
compact and Gk is open, it follows that u E U( i,j, k). Hence (4.4) is true. 
Furthermore, 
U = lJ { U( i, j, k): i, j, and k are positive integers}. (4.5) 
To see this let u be a point of U. By (3.7), P, n P, # 0. Hence there exists integers 
i andj such that M[u,aY]nM[x,ay]#0. By (4.2) M[u,(1’]=D,,(i). Therefore 
D”(i) n M[x, UT] # 0. Since D,(i) u M[x, UT] is a dendrite, it follows from (3.2) 
that Gk n (D,(i) u M[x, UT]) = 0 for some integer k [8, Theorem 5, p. 3021. Hence 
u E U(i,j, k) and (4.5) is true. 
By (4.4), (4.5), and the Baire category theorem, there exist integers i, j, and k 
such that U( i, j, k) contains an open subset W of U. Since W c Lx, there is an arc 
A in P,(uT) from UT to a point w of W such that A n Gk # 0. Since w E U( i, j, k), 
it follows that D,(i) n M[x, UT] # 0 and Gk n Q,,(i) = 0. Hence M[x, aj”] u Au 
D,(i) contains a simple closed curve, and this contradicts the assumption that M 
is uniquely arcwise connected. Hence (4.3) is true. 
Let a be a point of M. Let b be a point of L,. By (3.7), Pa n Pb # 0. Let c be a 
point of Pan Pb. It follows from (3.6) that Pb = M[b, c] u P,(c). Hence L, = Lb. 
By (4.3), Cl Pb contains an open set Y that misses Lb. Let y be a point of Y. 
Since Yn Lb = 0, it follows that y E Pb. Let x be the last point of M[b, y] that 
belongs to Lb. By (3.6), P,= Pb(x). Hence Lb = Lx. Note that XE Lx and Lxn 
M(x, Y) = 0. 
Let V be the continuum Cl U {D,.(n): n = 1,2,. . .}. By (4.2), Cl P, c V. 
Let G,,GZ,... be the open sets of a countable base for M that intersect P,. For 
each three positive integers i, j, and k, define 
V(i,j, k)={uE V: D,(i)nD,Cj)#@and Gkn(D,(i)uDx(j))=O}. 
It follows from the arguments given for (4.4) and (4.5) that 
each V( i, j, k) is closed and 
V = IJ { V( i, j, k): i, j, and k are positive integers}. 
(4.6) 
By (4.6) and the Baire category theorem, there exist integers i, j, and k such that 
V(i, j, k) contains an open subset W of V. By (4.2), M[x, u,X] c Ox(j). Hence 
Gk n M[x, u,X] = 0. 
Let n be an integer greater than j such that W n &(n) # 0, M[x, y] c M[x, a:], 
and Gk n M[uj”, uZ] Z 0. By (4.2), M[x, y] c D,(n). Since Lx n M(x, y) = 0, there 
exists a tree chain y consisting of open sets of M that covers the dendrite D,(n) 
and has a subcollection {T, , T,, TX} that is a chain covering M[x, y] such that 
XE T,, YE TX, and 
T2 n M[x, y] = T2 n P,. (4.7) 
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By (4.1), there exists an open subset Z of T1 containing x such that for each 
point z of Z, the dendrite D,(n) intersects W and lies in U 3. Since x E Lx, there 
exists a point z of Z that belongs to P,(ai). By (4.7), M[ai, z] g U F. By (4.2), 
M[x, a:] c D,(n). Therefore, since M does not contain a simple closed curve, 
R(n) n R(n) =0. (4.8) 
Let g be a point of Gk n M[aj”, at]. Let w be a point of Wn D=(n). Since 
w E V(i, j, k), the set D,(i) u OX(j) is a dendrite in M\Gk. Since g E ox(n), it 
follows from (4.8) that gE D,(n). Therefore M[aj”, g] u M[g, z] u Dz( n) u D,,,(i) u 
OX(j) contains a simple closed curve and this contradicts the assumption that A4 
is uniquely arcwise connected. Hence every deformation of M has a fixed point. 0 
5. A related problem 
A continuum is decomposable if it is the union of two proper subcontinua. A 
continuum is hereditarily decomposable if all of its subcontinua are decomposable. 
Suppose M is a hereditarily unicoherent hereditarily decomposable continuum. 
Then, according to a theorem of Manka [9], M has the fixed-point property. If the 
condition that M contains no simple closed curves is substituted for hereditary 
unicoherence, then M may admit a fixed-point-free map. However it is not known 
if every hereditarily decomposable continuum that does not contain a simple closed 
curve has the fixed-point property for deformations. 
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